Montgomery's identities for function of two variables  by Pečarić, J. & Vukelić, A.
J. Math. Anal. Appl. 332 (2007) 617–630
www.elsevier.com/locate/jmaa
Montgomery’s identities for function of two variables
J. Pecˇaric´ a, A. Vukelic´ b,∗
a Faculty of Textile Technology, University of Zagreb, Pierottijeva 6, 10000 Zagreb, Croatia
b Faculty of Food Technology and Biotechnology, Mathematics Department, University of Zagreb,
Pierottijeva 6, 10000 Zagreb, Croatia
Received 12 December 2005
Available online 20 November 2006
Submitted by I. Podlubny
Abstract
We point out weighted Montgomery’s identities for function of two variables and apply them to give
new inequalities of the Ostrowski type for mappings of two independent variables and of the Grüss type for
double weighted integrals.
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1. Introduction
Let f : [a, b] → R be differentiable on [a, b], and f ′ : [a, b] → R be integrable on [a, b], then
the following Montgomery identity holds [6],
f (x) = 1
b − a
b∫
a
f (t) dt +
b∫
a
P (x, t)f ′(t) dt (1)
where P(x, t) is the Peano kernel,
P(x, t) =
{
t−a
b−a , a  t  x,
t−b
b−a , x < t  b.
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integrable function satisfying
∫ b
a
w(t) dt = 1, and W(t) = ∫ t
a
w(x)dx for t ∈ [a, b], W(t) = 0
for t < a and W(t) = 1 for t > b. The following identity (Pecˇaric´ [9]) is a generalization of
Montgomery’s identity,
f (x) =
b∫
a
w(t)f (t) dt +
b∫
a
Pw(x, t)f
′(t) dt (2)
where the weighted Peano kernel is
Pw(x, t) =
{
W(t), a  t  x,
W(t) − 1, x < t  b.
In [1,3], the authors obtain two identities which generalize (1) for functions of two variables.
In fact, for function f : [a, b] × [c, d] → R such that the partial derivatives ∂f (s,t)
∂s
,
∂f (s,t)
∂t
and
∂2f (s,t)
∂s∂t
all exist and are continuous on [a, b] × [c, d] and for all (x, y) ∈ [a, b] × [c, d] they
obtain:
(d − c)(b − a)f (x, y)
= −
b∫
a
d∫
c
f (s, t) ds dt + (d − c)
b∫
a
f (s, y) ds + (b − a)
d∫
c
f (x, t) dt
+
b∫
a
d∫
c
p(x, s)q(y, t)
∂2f (s, t)
∂s∂t
ds dt (3)
and
(d − c)(b − a)f (x, y)
=
b∫
a
d∫
c
f (s, t) ds dt +
b∫
a
d∫
c
p(x, s)
∂f (s, t)
∂s
ds dt +
b∫
a
d∫
c
q(y, t)
∂f (s, t)
∂t
ds dt
+
b∫
a
d∫
c
p(x, s)q(y, t)
∂2f (s, t)
∂s∂t
ds dt, (4)
where
p(x, s) =
{
s − a, a  s  x,
s − b, x < s  b, and q(y, t) =
{
t − c, c t  y,
t − d, y < t  d .
In this paper, using the result from [10], we give weighted Montgomery’s identities (2) for
functions of two variables (Section 2) and further, obtain some new Ostrowski type inequalities
for mappings of two independent variables (Section 3) (see [1–3]). Also, given are some Grüss
type inequalities for double weighted integrals which are generalizations of the results of [8]
(Section 4).
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The analysis used in the proofs is based on the identity established in [10]:
Lemma 1. Let p : [a, b] × [c, d] → R be an integrable function and P(x, y) defined by
P(x, y) =
b∫
x
d∫
y
p(s, t) ds dt.
If f : [a, b] × [c, d] → R has continuous partial derivatives ∂f (x,y)
∂x
,
∂f (x,y)
∂y
, and ∂
2f (x,y)
∂x∂y
on
[a, b] × [c, d] then,
b∫
a
d∫
c
p(x, y)f (x, y) dx dy
= f (a, c)P (a, c) +
b∫
a
P (x, c)
∂f (x, c)
∂x
dx +
d∫
c
P (a, y)
∂f (a, y)
∂y
dy
+
b∫
a
d∫
c
P (x, y)
∂2f (x, y)
∂x∂y
dx dy. (5)
Our main results are given in the following theorems:
Theorem 1. Let f : [a, b] × [c, d] → R have continuous partial derivatives ∂f (s,t)
∂s
,
∂f (s,t)
∂t
, and
∂2f (s,t)
∂s∂t
on [a, b] × [c, d], then for all (x, y) ∈ [a, b] × [c, d],
f (x, y)P (a, c) =
b∫
a
d∫
c
p(s, t)f (s, t) ds dt +
b∫
a
Pˆ (x, s)
∂f (s, y)
∂s
ds
+
d∫
c
P˜ (y, t)
∂f (x, t)
∂t
dt −
b∫
a
d∫
c
P¯ (x, s, y, t)
∂2f (s, t)
∂s∂t
ds dt, (6)
where p(·,·) and P(·,·) are defined in Lemma 1,
Pˆ (x, s) =
{∫ s
a
∫ d
c
p(r, v) dr dv, a  s  x,
−P(s, c), x < s  b,
P˜ (y, t) =
{∫ b
a
∫ t
c
p(r, v) dr dv, c t  y,
−P(a, t), y < t  d ,
and
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⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∫ s
a
∫ t
c
p(r, v) dr dv, a  s  x, c t  y,
− ∫ b
s
∫ t
c
p(r, v) dr dv, x < s  b, c t  y,
− ∫ s
a
∫ d
t
p(r, v) dr dv, a  s  x, y < t  d ,
P(s, t), x < s  b, y < t  d .
Proof. Using identity (5) for [a, x] × [c, y] we obtain the equality
x∫
a
y∫
c
p(s, t)f (s, t) ds dt
=
a∫
x
c∫
y
p(s, t)f (s, t) ds dt
= f (x, y)[P(x, y) − P(x, c) − P(a, y) + P(a, c)]
−
x∫
a
[
P(s, y) − P(s, c) − P(a, y) + P(a, c)]∂f (s, y)
∂s
ds
−
y∫
c
[
P(x, t) − P(x, c) − P(a, t) + P(a, c)]∂f (x, t)
∂t
dt
+
x∫
a
y∫
c
[
P(s, t) − P(s, c) − P(a, t) + P(a, c)]∂2f (s, t)
∂s∂t
ds dt. (7)
By similar computations for [a, x] × [y, d],
x∫
a
d∫
y
p(s, t)f (s, t) ds dt
= −
a∫
x
d∫
y
p(s, t)f (s, t) ds dt
= −f (x, y)[P(x, y) − P(a, y)]+
x∫
a
[
P(s, y) − P(a, y)]∂f (s, y)
∂s
ds
−
d∫
y
[
P(x, t) − P(a, t)]∂f (x, t)
∂t
dt +
x∫
a
d∫
y
[
P(s, t) − P(a, t)]∂2f (s, t)
∂s∂t
ds dt.
(8)
For [x, b] × [y, d],
b∫
x
d∫
y
p(s, t)f (s, t) ds dt = f (x, y)P (x, y) +
b∫
x
P (s, y)
∂f (s, y)
∂s
ds
+
d∫
P(x, t)
∂f (x, t)
∂t
dt +
b∫ d∫
P(s, t)
∂2f (s, t)
∂s∂t
ds dt (9)y x y
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b∫
x
y∫
c
p(s, t)f (s, t) ds dt
= −
b∫
x
c∫
y
p(s, t)f (s, t) ds dt
= −f (x, y)[P(x, y) − P(x, c)]−
b∫
x
[
P(s, y) − P(s, c)]∂f (s, y)
∂s
ds
+
y∫
c
[
P(x, t)−P(x, c)]∂f (x, t)
∂t
dt +
b∫
x
y∫
c
[
P(s, t)−P(s, c)]∂2f (s, t)
∂s∂t
ds dt.
(10)
Adding (7)–(10) gives (6). 
Theorem 2. Let f : [a, b] × [c, d] → R have continuous partial derivatives ∂f (s,t)
∂s
,
∂f (s,t)
∂t
, and
∂2f (s,t)
∂s∂t
on [a, b] × [c, d], then for all (x, y) ∈ [a, b] × [c, d] we have
f (x, y)P (a, c) = −
b∫
a
d∫
c
p(s, t)f (s, t) ds dt +
b∫
a
d∫
c
p(s, t)f (s, y) ds dt
+
b∫
a
d∫
c
p(s, t)f (x, t) ds dt +
b∫
a
d∫
c
P¯ (x, s, y, t)
∂2f (s, t)
∂s∂t
ds dt, (11)
where p(·,·), P(·,·), Pˆ (x, s), P˜ (y, t) and P¯ (x, s, y, t) are as in Theorem 1.
Proof. By partial integration,
x∫
a
Pˆ (x, s)
∂f (s, y)
∂s
ds = Pˆ (x, x)f (x, y) −
x∫
a
d∫
c
p(s, t)f (s, y) ds dt
= [P(a, c) − P(x, c)]f (x, y) −
x∫
a
d∫
c
p(s, t)f (s, y) ds dt, (12)
b∫
x
Pˆ (x, s)
∂f (s, y)
∂s
ds = P(x, c)f (x, y) −
b∫
x
d∫
c
p(s, t)f (s, y) ds dt, (13)
y∫
c
P˜ (y, t)
∂f (x, t)
∂t
dt = P˜ (y, y)f (x, y) −
b∫
a
y∫
c
p(s, t)f (x, t) ds dt
= [P(a, c) − P(a, y)]f (x, y) −
b∫ y∫
p(s, t)f (x, t) ds dt (14)
a c
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d∫
y
P˜ (y, t)
∂f (x, t)
∂t
dt = P(a, y)f (x, y) −
b∫
a
d∫
y
p(s, t)f (x, t) ds dt. (15)
Using these equalities in the identity (6) obtain (11). 
Theorem 3. Let f : [a, b] × [c, d] → R be such that the partial derivatives ∂f (s,t)
∂s
,
∂f (s,t)
∂t
and
∂2f (s,t)
∂s∂t
exist and are continuous on [a, b] × [c, d], then for all (x, y) ∈ [a, b] × [c, d],
f (x, y)
[
P(a, c)
]2
= P(a, c)
b∫
a
d∫
c
p(s, t)f (s, t) ds dt +
b∫
a
( b∫
a
d∫
c
p(r, t)Pˆ (x, s)
∂f (s, t)
∂s
ds dt
)
dr
+
d∫
c
( b∫
a
d∫
c
p(s, v)P˜ (y, t)
∂f (s, t)
∂t
ds dt
)
dv +
b∫
a
d∫
c
Pˇ (x, s, y, t)
∂2f (s, t)
∂s∂t
ds dt,
(16)
where p(·,·), P(·,·), Pˆ (x, s), P˜ (y, t) and P¯ (x, s, y, t) are as in Theorem 1 and
Pˇ (x, s, y, t) = 2Pˆ (x, s)P˜ (y, t) − P(a, c)P¯ (x, s, y, t).
Proof. From (12)–(15),
f (x, y)P (a, c) =
b∫
a
d∫
c
p(s, v)f (s, y) ds dv +
b∫
a
Pˆ (x, s)
∂f (s, y)
∂s
ds, (17)
and
f (x, y)P (a, c) =
b∫
a
d∫
c
p(r, t)f (x, t) dr dt +
d∫
c
P˜ (y, t)
∂f (x, t)
∂t
dt, (18)
for all (x, y) ∈ [a, b] × [c, d].
Formula (17) applied for the partial derivative ∂f (x,t)
∂t
gives
∂f (x, t)
∂t
P (a, c) =
b∫
a
d∫
c
p(s, v)
∂f (s, t)
∂t
ds dv +
b∫
a
Pˆ (x, s)
∂2f (s, t)
∂t∂s
ds, (19)
for all (x, t) ∈ [a, b]×[c, d]. Also, formula (18) applied for the partial derivative ∂f (s,y)
∂s
provides
∂f (s, y)
∂s
P (a, c) =
b∫
a
d∫
c
p(r, t)
∂f (s, t)
∂s
dr dt +
d∫
c
P˜ (y, t)
∂2f (s, t)
∂t∂s
dt, (20)
for all (s, y) ∈ [a, b] × [c, d].
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f (x, y)P (a, c)
=
b∫
a
d∫
c
p(s, t)f (s, t) ds dt
+ 1
P(a, c)
b∫
a
Pˆ (x, s)
[ b∫
a
d∫
c
p(r, t)
∂f (s, t)
∂s
dr dt +
d∫
c
P˜ (y, t)
∂2f (s, t)
∂t∂s
dt
]
ds
+ 1
P(a, c)
d∫
c
P˜ (y, t)
[ b∫
a
d∫
c
p(s, v)
∂f (s, t)
∂t
ds dv +
b∫
a
Pˆ (x, s)
∂2f (s, t)
∂t∂s
ds
]
dt
−
b∫
a
d∫
c
P¯ (x, s, y, t)
∂2f (s, t)
∂t∂s
ds dt
=
b∫
a
d∫
c
p(s, t)f (s, t) ds dt + 1
P(a, c)
b∫
a
( b∫
a
d∫
c
p(r, t)Pˆ (x, s)
∂f (s, t)
∂s
ds dt
)
dr
+ 1
P(a, c)
b∫
a
d∫
c
Pˆ (x, s)P˜ (y, t)
∂2f (s, t)
∂t∂s
ds dt
+ 1
P(a, c)
d∫
c
( b∫
a
d∫
c
p(s, v)P˜ (y, t)
∂f (s, t)
∂t
ds dt
)
dv
+ 1
P(a, c)
b∫
a
d∫
c
Pˆ (x, s)P˜ (y, t)
∂2f (s, t)
∂t∂s
ds dt −
b∫
a
d∫
c
P¯ (x, s, y, t)
∂2f (s, t)
∂t∂s
ds dt,
and the identity (16) is proved. 
Remark 1. If p(s, t) = q(s)h(t) in identities (6), (11) and (16) then,
f (x, y)Pa(b)Pc(d)
=
b∫
a
d∫
c
q(s)h(t)f (s, t) ds dt + Pc(d)
b∫
a
Pˆ (s)
∂f (s, y)
∂s
ds
+ Pa(b)
d∫
c
P˜ (t)
∂f (x, t)
∂t
dt −
b∫
a
d∫
c
Pˆ (s)P˜ (t)
∂2f (s, t)
∂s∂t
ds dt, (21)
f (x, y)Pa(b)Pc(d)
= −
b∫
a
d∫
c
q(s)h(t)f (s, t) ds dt +
b∫
a
q(s)f (s, y) ds
d∫
c
h(t) dt
+
b∫
q(s) ds
d∫
h(t)f (x, t) dt +
b∫ d∫
Pˆ (s)P˜ (t)
∂2f (s, t)
∂s∂t
ds dt (22)a c a c
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f (x, y)Pa(b)Pc(d)
=
b∫
a
d∫
c
q(s)h(t)f (s, t) dt +
b∫
a
d∫
c
Pˆ (s)h(t)
∂f (s, t)
∂s
ds dt
+
b∫
a
d∫
c
P˜ (t)q(s)
∂f (s, t)
∂t
ds dt +
b∫
a
d∫
c
Pˆ (s)P˜ (t)
∂2f (s, t)
∂s∂t
ds dt, (23)
where
Pa(s) =
s∫
a
q(r) dr, P¯a(s) = Pa(b) − Pa(s),
Pc(t) =
t∫
c
h(v) dv, P¯c(t) = Pc(d) − Pc(t),
and
Pˆ (s) =
{
Pa(s), a  s  x,
−P¯a(s), x < s  b, P˜ (t) =
{
Pc(t), c t  y,
−P¯c(t), y < t  d .
3. Ostrowski type inequalities for double weighted integrals
The following Ostrowski inequality is well known [7]:∣∣∣∣∣f (x) − 1b − a
b∫
a
f (t) dt
∣∣∣∣∣
[
1
4
+ (x −
a+b
2 )
2
(b − a)2
]
(b − a)M, x ∈ [a, b], (24)
where f : [a, b] → R is a differentiable function such that |f ′(x)|M, for every x ∈ [a, b].
This inequality undergoes many generalizations and in the following we provide additional
ones for two independent variables using identities (6) and (11).
Theorem 4. Let f : [a, b] × [c, d] → R be as in Theorem 3, then,∣∣∣∣∣f (x, y) − 1P(a, c)
b∫
a
d∫
c
p(s, t)f (s, t) dt
∣∣∣∣∣M1(x) + M2(y) + M3(x, y), (25)
where
M1(x) = 1|P(a, c)|
( b∫
a
∣∣Pˆ (x, s)∣∣q1 ds
)1/q1
·
∥∥∥∥∂f∂s
∥∥∥∥
p1
,
if ∂f (s,t)
∂s
∈ Lp1([a, b] × [c, d]), 1/p1 + 1/q1 = 1,
M2(y) = 1|P(a, c)|
( d∫ ∣∣P˜ (y, t)∣∣q2 ds
)1/q2
·
∥∥∥∥∂f∂t
∥∥∥∥
p2
,c
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∂t
∈ Lp2([a, b] × [c, d]), 1/p2 + 1/q2 = 1,
M3(x, y) = 1|P(a, c)|
( b∫
a
d∫
c
∣∣P¯ (x, s, y, t)∣∣q3 ds dt
)1/q3
·
∥∥∥∥ ∂2f∂s∂t
∥∥∥∥
p3
,
if ∂2f (s,t)
∂s∂t
∈ Lp3([a, b] × [c, d]), 1/p3 + 1/q3 = 1, for all (x, y) ∈ [a, b] × [c, d].
Proof. Using (6) and Hölder’s integral inequality for double integrals, we obtain inequal-
ity (25). 
Remark 2. If p(·,·) = 1 in Theorem 4 then the results of [3] are retrieved.
Theorem 5. Let f : [a, b]× [c, d] → R be continuous on [a, b]× [c, d], ∂2f (s,t)
∂s∂t
exist on (a, b)×
(c, d) and | ∂2f (s,t)
∂s∂t
|p an integrable function such that
∥∥∥∥ ∂2f∂s∂t
∥∥∥∥
p
:=
( b∫
a
d∫
c
∣∣∣∣∂2f (s, t)∂s∂t
∣∣∣∣
p
ds dt
)1/p
< ∞.
It follows that,∣∣∣∣∣
b∫
a
d∫
c
p(s, t)f (s, t) ds dt −
[ b∫
a
d∫
c
p(s, t)f (x, t) dt +
b∫
a
d∫
c
p(s, t)f (s, y) ds
− f (x, y)P (a, c)
]∣∣∣∣∣

( b∫
a
d∫
c
∣∣P¯ (x, s, y, t)∣∣q ds dt
)1/q
·
∥∥∥∥ ∂2f∂s∂t
∥∥∥∥
p
, (26)
for all (x, y) ∈ [a, b] × [c, d], where 1/p + 1/q = 1.
Proof. Using (11) and Hölder’s integral inequality for double integrals, we obtain inequal-
ity (26). 
Remark 3. If p(·,·) = 1 in Theorem 5 then the results of [1] and [2] are retrieved.
4. On Grüss type inequalities for double weighted integrals
A celebrated integral inequality proved by Grüss [4] in 1935 can be stated as follows (see
[5, p. 296]),∣∣∣∣∣ 1b − a
b∫
a
f (x)g(x) dx −
(
1
b − a
b∫
a
f (x) dx
)(
1
b − a
b∫
a
g(x) dx
)∣∣∣∣∣
 1 (M − m)(N − n),4
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m f (x)M, n g(x)N,
for all x ∈ [a, b], where m, M , n, N are real constants.
In this section, using the identities (6) and (11), new Grüss type inequalities for double
weighted integrals are given. The following are used to simplify the details of presentation,
H1(x) =
b∫
a
∣∣Pˆ (x, s)∣∣ds, H2(x) =
d∫
c
∣∣P˜ (y, t)∣∣dt, (27)
H3(x) =
b∫
a
d∫
c
∣∣P¯ (x, s, y, t)∣∣ds dt, (28)
F(x, y) =
[ b∫
a
d∫
c
p(s, t)f (s, y) ds +
b∫
a
d∫
c
p(s, t)f (x, t) dt
]
, (29)
G(x,y) =
[ b∫
a
d∫
c
p(s, t)g(s, y) ds +
b∫
a
d∫
c
p(s, t)g(x, t) dt
]
, (30)
A(x,y) = p(x, y)g(x, y)
b∫
a
d∫
c
p(s, t)f (s, t) ds dt
+ p(x, y)f (x, y)
b∫
a
d∫
c
p(s, t)g(s, t) ds dt, (31)
A1(x, y) =
[
p(x, y)g(x, y)
b∫
a
Pˆ (x, s)
∂f (s, y)
∂s
ds
+ p(x, y)f (x, y)
b∫
a
Pˆ (x, s)
∂g(s, y)
∂s
ds
]
, (32)
A2(x, y) =
[
p(x, y)g(x, y)
d∫
c
P˜ (y, t)
∂f (x, t)
∂t
dt
+ p(x, y)f (x, y)
d∫
c
P˜ (y, t)
∂g(x, t)
∂t
dt
]
, (33)
A3(x, y) = p(x, y)g(x, y)
b∫
a
d∫
c
P¯ (x, s, y, t)
∂2f (s, t)
∂s∂t
dt
+ p(x, y)f (x, y)
b∫ d∫
P¯ (x, s, y, t)
∂2g(s, t)
∂s∂t
dt, (34)a c
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∣∣p(x, y)g(x, y)∣∣∥∥∥∥∂f∂s
∥∥∥∥∞ +
∣∣p(x, y)f (x, y)∣∣∥∥∥∥∂g∂s
∥∥∥∥∞, (35)
N2(x, y) =
∣∣p(x, y)g(x, y)∣∣∥∥∥∥∂f∂t
∥∥∥∥∞ +
∣∣p(x, y)f (x, y)∣∣∥∥∥∥∂g∂t
∥∥∥∥∞, (36)
N3(x, y) =
∣∣p(x, y)g(x, y)∣∣∥∥∥∥ ∂2f∂s∂t
∥∥∥∥∞ +
∣∣p(x, y)f (x, y)∣∣∥∥∥∥ ∂2g∂s∂t
∥∥∥∥∞, (37)
for f,g : [a, b] × [c, d] → R such that the partial derivatives ∂f (s,t)
∂s
,
∂g(s,t)
∂s
,
∂f (s,t)
∂t
,
∂g(s,t)
∂t
,
∂2f (s,t)
∂s∂t
and ∂
2g(s,t)
∂s∂t
exist and are continuous on [a, b] × [c, d].
Theorem 6. Let f,g : [a, b]× [c, d] → R be such that partial derivatives ∂f (s,t)
∂s
,
∂g(s,t)
∂s
,
∂f (s,t)
∂t
,
∂g(s,t)
∂t
,
∂2f (s,t)
∂s∂t
and ∂
2g(s,t)
∂s∂t
exist and are continuous on [a, b] × [c, d], then,
∣∣∣∣∣ 1P(a, c)
b∫
a
d∫
c
p(x, y)f (x, y)g(x, y) dx dy
−
(
1
P(a, c)
b∫
a
d∫
c
p(x, y)f (x, y) dx dy
)(
1
P(a, c)
b∫
a
d∫
c
p(x, y)g(x, y) dx dy
)∣∣∣∣∣
 1
2[P(a, c)]2
b∫
a
d∫
c
[
N1(x, y)H1(x, y) + N2(x, y)H2(x, y)
+ 1|P(a, c)|N3(x, y)H3(x, y)
]
dx dy. (38)
Proof. From the hypotheses, we have the following identities (see (6)),
f (x, y)P (a, c) =
b∫
a
d∫
c
p(s, t)f (s, t) ds dt +
b∫
a
Pˆ (x, s)
∂f (s, y)
∂s
ds
+
d∫
c
P˜ (y, t)
∂f (x, t)
∂t
dt −
b∫
a
d∫
c
P¯ (x, s, y, t)
∂2f (s, t)
∂s∂t
ds dt, (39)
g(x, y)P (a, c) =
b∫
a
d∫
c
p(s, t)g(s, t) ds dt +
b∫
a
Pˆ (x, s)
∂g(s, y)
∂s
ds
+
d∫
c
P˜ (y, t)
∂g(x, t)
∂t
dt −
b∫
a
d∫
c
P¯ (x, s, y, t)
∂2g(s, t)
∂s∂t
ds dt, (40)
for (x, y) ∈ [a, b]× [c, d]. Multiplying (39) by p(x, y)g(x, y), (40) by p(x, y)f (x, y), and add-
ing the resulting identities, we obtain
2P(a, c)p(x, y)f (x, y)g(x, y) = A(x,y) + A1(x, y) + A2(x, y) − A3(x, y). (41)
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b∫
a
d∫
c
p(x, y)f (x, y)g(x, y) dx dy
= 1
P(a, c)
( b∫
a
d∫
c
p(x, y)f (x, y) dx dy
)( b∫
a
d∫
c
p(x, y)g(x, y) dx dy
)
+ 1
2P(a, c)
b∫
a
d∫
c
[
A1(x, y) + A2(x, y) − A3(x, y)
]
dx dy. (42)
From (32)–(37), it is easy to see that,∣∣A1(x, y)∣∣N1(x, y)H1(x, y), (43)∣∣A2(x, y)∣∣N2(x, y)H2(x, y), (44)∣∣A3(x, y)∣∣N3(x, y)H3(x, y), (45)
for (x, y) ∈ [a, b] × [c, d]. From (42)–(45), we obtain inequality (38). 
Theorem 7. Let f,g : [a, b] × [c, d] → R be such that partial derivatives ∂2f (s,t)
∂s∂t
and ∂
2g(s,t)
∂s∂t
exist and are continuous on [a, b] × [c, d], then,
∣∣∣∣∣ 1P(a, c)
b∫
a
d∫
c
p(x, y)f (x, y)g(x, y) dx dy
+
(
1
P(a, c)
b∫
a
d∫
c
p(x, y)f (x, y) dx dy
)(
1
P(a, c)
b∫
a
d∫
c
p(x, y)g(x, y) dx dy
)
− 1
2[P(a, c)]2
b∫
a
d∫
c
p(x, y)
[
g(x, y)F (x, y) + f (x, y)G(x, y)]dx dy
∣∣∣∣∣
 1
2[P(a, c)]2
b∫
a
d∫
c
N3(x, y)H4(x, y) dx dy. (46)
Proof. From the hypotheses, we have the following identities (see (11)),
f (x, y)P (a, c) = F(x, y) −
b∫
a
d∫
c
p(s, t)f (s, t) ds dt
+
b∫ d∫
P¯ (x, s, y, t)
∂2f (s, t)
∂s∂t
ds dt, (47)a c
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b∫
a
d∫
c
p(s, t)g(s, t) ds dt
+
b∫
a
d∫
c
P¯ (x, s, y, t)
∂2g(s, t)
∂s∂t
ds dt, (48)
for (x, y) ∈ [a, b]× [c, d]. Multiplying (47) by p(x, y)g(x, y), (48) by p(x, y)f (x, y), and add-
ing the resulting identities, we get
2P(a, c)p(x, y)f (x, y)g(x, y) = p(x, y)g(x, y)F (x, y) + p(x, y)f (x, y)G(x, y)
− A(x,y) + A3(x, y). (49)
Integrating (49) on [a, b] × [c, d],
b∫
a
d∫
c
p(x, y)f (x, y)g(x, y) dx dy
= 1
2P(a, c)
b∫
a
d∫
c
p(x, y)
[
g(x, y)F (x, y) + f (x, y)G(x, y)]dx dy
− 1
P(a, c)
( b∫
a
d∫
c
p(x, y)f (x, y) dx dy
)( b∫
a
d∫
c
p(x, y)g(x, y) dx dy
)
+ 1
2P(a, c)
b∫
a
d∫
c
A3(x, y) dx dy. (50)
From (34) and (37), it is easy to see that,∣∣A4(x, y)∣∣N3(x, y)H3(x, y). (51)
From (50) and (51), we obtain inequality (46). 
Remark 4. With p(·,·) = 1 in Theorems 7 and 6 we retrieve results from [8].
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